INHOMOGENEOUS EXACT SOLUTIONS WITH VARYING COSMOLOGICAL 
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We study the evolution of LTB Universe models possessing a varying cosmological term and a 
material fluid. 



I. INTRODUCTION 

There is at present an increasing feeling in the as- 
trophysic community that the cosmological constant is 
not zero but should contribute substantially to the mass- 
energy of the Universe -see Weinberg et al. [TJ and ref- 
erences therein. This may be so if the energy of the 
quantum vacuum spontaneously decayed into matter and 
radiation, hence reducing the cosmological term to a 
value compatible with astronomical constraints -see for 
instance Overduin et al. Q and references therein. On 
the other hand, recently it has been pointed out that be- 
cause of sources evolution it may well happen that the 
Universe is in reality inhomogeneous and describable by 
the Lamaitre- Tolmann-Bondi (LTB) metric Q. Fur- 
ther motivations conductive to use inhomogeneous met- 
rics can be found in Krasinski 41 . 



II. METRIC AND MODELS 



We consider a spatially fiat LTB metric 
ds 2 = -dt 2 +Y 2 dr 2 +Y 2 (d6 2 +sin 2 9d(/) 2 ), (Y = Y(r,t)) 

whose source is a perfect fluid, with equation of state 
P = (7 — l)p, plus a varying cosmological term A(i). 
The non-trivial Einstein equations are 



p + A = 



1 



1. For 7 and A constants one obtains 

Y 1 = R 2 /\r) CT 1 cosh 2 ^ t + (pi Y (5) 



Y 2 = R 2 ^(r) CT 1 siuh^ t + ^ 



(6) 



Obviously both sets of solutions have a final infla- 
tionary stage. 



2. When 7 = constant and 
A 2 

A(t) = -j (Aq = constant) , 

it follows that 

Z(t) = d t m + + c 2 t m - 



(7) 



(8) 



where m± = ± \J\ + 37 A 2 , j /2. Inflationary 
solutions may occur for large enough A 2 ,. 

3. For 7 = constant and 

A = A^"- 2 (n^O, 2), (9) 

the solution can be expressed as a combination of 
Bessel functions 



Y 2 Y 



<Y 2 Y) , 



(2) 



z = c 1 e/ 2 j 1/n (^^t 



,n/2 



P-A = -- 



Y 2 Y 



^(Y 2 Y\ 



(3) 




(8ttG = 1). (4) 



In general the solutions can be expressed as Y(r, t) — 
R(r) 2 / 3 Z(t) 2 / 3j . Next we summarize different secenarios 
of interest -see Chimento and Pavon 151 for details. 



(10) 



The behavior at the asymptotic limits depends on 
n. For < n < 2 one has the following: (i) When 
t — > one obtains Z ~ C\ t + C 2 -one can choose 
C2 = to have the initial singularity at t = 0. (ii) 
When t —> 00 there follows Z ~ cost 71 / 2 . 
Likewise for n < 0: (i) when t — > one obtains 
Z ~ £a _ i cos (t n / 2 + if) . (ii) When t — > 00 one 
obtains Z ~ t . 
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4. For 7 = constant and 

A(t) = A 2 + ce- Q * (c < 0) , 



(11) 



where A 2 ,, a and c are constants, again the general 
solution is a combination of Bessel functions 



V-37C 



e 2 



with 



C 2 = — 



-37 V a 



J 



(^) 



(12) 



(13) 



in order to fix the initial singularity at t = 0. When 
i — > one has Z ~ £. At the final stage, when 
t — » oo and A — > A 2 ,, one obtains the following 
asymptotic behavior 



(14) 



For the particular case A 2 , = and in the limit 
t — > oo, there is a solution whose final behavior is 



Y «i? 2 / 3 (r) i 2 /37. 



(15) 



where To , 7o , to > andC are constants. It is worthy 
of note that, for t > to wc have both 7 — > 70 and 
A^O. 



To examine the singular structure of the plane LTB 
metric (1) we have calcuated the curvature scalar and 
evaluated it at the points where the coefficients of the 
metric Y 2 and/or Y 2 vanish. All the solutions we have 
found for 7 = constant except {5} have a singularity at 
t = 0, i.e. the big-bang singularity. 

III. CONCLUSIONS 



We have found the coefficients of the LTB metric as- 
suming that the early Universe possessed a time varying 
cosmological term, and that the adiabatic index of the 
material fluid were either constant or not. 

(a) All the solutions we have derived contain an arbitrary 
function of the radial coordinate. 

(b) For 7 = constant all the solutions, except ([5]) have a 
singularity at t = 0, i.e. the big-bang singularity. 

(c) Constant as well as varying cosmological terms give 
rise asymptotically to exponential inflation -see (JSJ) , © 
and pi)) . 

(d) For A(i) oc e _Qt there exist solutions which behave 
as though the Universe were asymptotically matter dom- 
inated at late times when 7=1, i.e. Y oc t 2 ^ 3 . 



5. For 7 = j(t) and A = A(t) it can be found expres- 
sions for both quantities, 



A(t) 



AC 2 (t-t ) 2n 
3jon 2 (n + l) 2 



l(t) = 7o 



it - t ) 



n+l 



(t - 1 ) 



C 



n+l 



C 



as well as an asymptotic solution for Y(t, r) 



(16) 



(17) 



y«i? 2 / 3 (r)T 2/370 



(» + l)(n + 2) 



(* - *o) 



2/370 



(18) 
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